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Abstract

Background: The basic reproduction number (R0) is an epidemic threshold parameter that indicates the magnitude of disease
transmission and thus allows suggestions for the planning of control measures.
Objectives: Our aim in this study was to compare different approaches for estimating R0 in the early stage of the SARS-CoV-2 out-
break and discern the best-fitting model.
Methods: The dataset was derived from cumulative laboratory-confirmed COVID-19 cases from 26th February to 30th May 2020 in
Iran. The methods of exponential growth (EG) rate, maximum likelihood (ML), time-dependent (TD) reproduction number, attack
rate (AR), and sequential Bayesian (SB) model were used. The gamma distribution (mean 4.41± 3.17 days) was used for serial interval
(SI) distribution. The best-fitting method was selected according to the lowest root mean square error (RMSE).
Results: We obtained the following estimated R0 [95% confidence interval]: 1.55 [1.54; 1.55], 1.46 [1.45; 1.46], 1.31 [1.30; 1.32], and 1.40
[1.39; 1.41] using EG, ML, TD, and SB methods, respectively. Additionally, the EG and ML methods showed an overestimation of R0, and
the SB method showed to be under-fitting in the estimation of R0. The AR method estimated R0 equal to one. The TD method had
the lowest RMSE.
Conclusions: The simulated and actual R0 of TD showed that this method had a good fit for actual data and the lowest RMSE. There-
fore, the TD method is the most appropriate method with the best performance in estimating actual R0 values.

Keywords: COVID-19, Initial Reproduction Number, Exponential Growth Rate, Maximum Likelihood, Attack Rate, Sequential
Bayesian Model, Time-dependent Reproduction Number

1. Background

Severe acute respiratory syndrome coronavirus 2 SARS-
CoV-2 has rapidly spread across the globe since Decem-
ber 2019 (1). Thus, the virus has demonstrated high infec-
tiousness among susceptible populations. The first reports
of human-to-human transmission of the disease were on
19th February 2020, and more than 146,600 laboratory-
confirmed cases have been reported until 30th May in Iran
due to community transmission (1).

The basic reproduction number (R0) is an epidemic
threshold parameter that indicates the magnitude of in-
fection transmissibility and may allow for prompt initi-
ation of planning and implementation of public health
and control measures. Mathematically, it represents the
average number of secondary patients in a fully suscep-
tible community at the beginning of an outbreak (2, 3).

For demonstrating the persistence or dying-out of the epi-
demic, the quantity of R0 is compared with the unit value;
these orders are R0 ≥ 1 or R0 < 1, respectively (3-5). Dur-
ing the first wave, the government of the Islamic Republic
of Iran immediately began to impose restrictions on pub-
lic gatherings and enhance the testing capacity. Thus, the
number of infected people in the susceptible community
reduced over time, and the effective reproduction num-
ber (Rt), which is defined as the actual average number of
secondary cases per principal case when time > 0, could
be computed. The R0 values for COVID-19 have been ad-
dressed in many countries, as well as Iran (2, 4-16). One
study applied susceptible-infectious-removed (SIR) com-
partmental models to estimate R0 in the first 21 days of the
epidemic in Iran (16). Another study used two methods,
Generalized Growth model (GGM) and epidemic doubling
time. The distribution of serial interval was as a gamma
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distribution (mean 4.41 ± 3.17 days), and the duration of
the study was one month (7). However, the peak of the epi-
demic in Iran occurred in the first 40 days of the outbreak,
which faded out later (1). On the other hand, several ap-
proaches have been proposed to estimate R0, such as expo-
nential growth (EG) rate, Maximum Likelihood (ML), time-
dependent (TD) reproduction number, attack rate (AR), se-
quential Bayesian (SB) model, gamma-distributed genera-
tion time, the final size of the epidemic, and Richard model
(3, 17, 18). The use of these models is dependent on the type
of data available. Hence, our aim in this study was to com-
pare five approaches (EG, ML, SB, TD, and AR) to estimate
R0 with the same generation time distribution and thus,
determine the best fitting method.

2. Objectives

In our study, we intend to calculate the R0 of COVID-
19 in the first wave of the epidemic (26th February to 30th
March, 2020). We compared different approaches for esti-
mating R0 in the early stage (26th February to 30th March,
2020) of the SARS-CoV-2 outbreak and discern the best fit-
ting model.

3. Methods

The dataset was derived from cumulative laboratory-
confirmed COVID-19 cases between 26th February 2020 and
30th May 2020 in Iran. The source of data can be found at
https://www.worldometers.info/coronavirus/.

To estimate R0, the serial interval (SI) distribution was
used as a proxy of generation time distribution (3, 11, 17,
18). The serial interval, i.e. time between symptoms onset
in primary and secondary cases or time intervals between
symptom onsets in primary cases and secondary cases (3).
The distribution of SI was considered as gamma distribu-
tion (mean 4.41± 3.17 days) from a previous study (19, 20).
Figure 1 shows that the first peak of the epidemic occurred
at the end of the first 34 days.

The equation of the EG method is µt =

(
∑t
i=1Nt−1 wi) where R = 1

M(−r) . In this equation
“r” represents the growth rate of infection in the com-
munity, with Poisson regression; “M” is the moment
generating function of GT; “Nt” demonstrates cases over a
successive time unit, and “w” indicates GT (21).

The formula for the ML method is

LL (R) =
∑T
t=1

exp(−µt)µ
Nt
t

Nt!
where µt =

R
∑t
t=1Nt−i wi. Here, the sequential of N is denoted

by Nt; “R” is the biggest value of the loglikelihood function
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Figure 1. The incidence case count data between 26th February and 30th May 2020
in Iran

(22), and generation time (w) is estimated by maximizing
loglikelihood.

The TD formula is Rt = 1
Nt

∑
{tj=t}RJ where

Rj =
∑
iPi , and pij =

Niw(ti−tj)∑
i6=k Niw(ti−tk) . Besides pij in

this equation represents the probability of sequential tran-
sition of infection between individual and. Also, Rj is the
average of all transmission networks corresponding to the
cases detected, and Rt indicates the mean of computed Rj

(23).

Another approach to estimate R0 is
the SB method with the Bayesian formula
p (R|NO, . . . , Nt+1 )

p(Nt+1|R, NO, ...,Nt ) p(NO, ...,Nt)
p(NO, ...,Nt+1)

.
We presume that Nt+1 is the incidence case in time (t + 1) for
an approximate SIR model with approximate Poisson dis-
tribution. The mean of this distribution isN (t) e(y(R−1)).
Where 1

γ indicates the average of the infection period. This
Bayesian equation indicates a non-formative prior for R
applied with this model, and the posterior R distribution
in a previous time period has the same prior distribution
for a later time period. For this model, the exponential
distribution is used to express GT (3).

Lastly, the AR method equation to estimate R0 isR0 =
log( 1−AR

S0
)

AR−(1−S0)
. In this formula, AR and S0 denote the infec-

tion ratio and early susceptible ratio, respectively (24).

The values of R0 were simulated and sensitivity anal-
ysis was used to guide the selection of optimal time win-
dows. The root mean square error (RMSE) was used to eval-
uate the models (3).
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4. Results

During the desired time period, we experienced one
peak in the first epidemic time (26th February to 30th
March, 2020) and after the fade-out, the second peak (from
10th May onwards) was probably ongoing (see Figure 1A).
We obtained the estimated R0 [95% confidence interval] as
follows: 1.55 [1.54; 1.55], 1.46 [1.45; 1.46], 1.31 [1.30; 1.32], and
1.40 [1.39; 1.41] using the EG, ML, TD, and SB methods, respec-
tively.

As seen, the range of estimations is various; however,
the confidence intervals are narrow (Table 1 and Figure 2).
The epidemic curves based on EG, ML, TD, and SB methods
in Figure 3 represent the similarity of fitting curves and ac-
tual data, except for SB with poorly fitting time.

Table 1. Estimation of R0 by Five Approaches on the Same Dataseta

Approach Default R (%95 CI) Optimal R (%95 CI)

EG

Optimal time window:
13 - 18

1.55 (1.54; 1.55) 1.68 (1.65; 1.71)

ML

Optimal time window:
14 - 34

1.46 (1.45; 1.46) 1.49 (1.48; 1.49)

TD

Optimal time window:
13 - 18

1.31 (1.30; 1.32) 1.43(1.41; 1.45)

SB

Optimal time window:
13 - 18

1.40 (1.39; 1.41) 1.50 (1.46; 1.53)

Optimal time window:
14 - 34

1.36 (1.34; 1.37)

AR

Optimal time window:
13 - 18

1.04 (1.04; 1.04) 1.04 (1.04; 1.04)

aDefault times were obtained using data in the first 34 days. Optimal times are
the best fitting time window. For the SB and AR methods, the optimal time win-
dow was obtained on day 18, as best fits the end of the exponential growth pe-
riod, daily estimates were averaged over the 34 first days for the TD approach.

Sensitivity analyses were performed for both EG and
ML methods to look for the best time window using EG. The
largest R-squared (0.999) obtained was related to the pe-
riod where the exponential growth model fitted the data
best. The best fitting took place between time units 13 and
18 with a length of five days. Additionally, R-squared = 0.978
occurred between time units 14 and the epidemic peak
point (34) with a length of 20 days. The goodness of fit is
shown in heatmaps in Figures 4 and 5. The estimated R0s
were 1.68 [1.65; 1.71] and 1.49 [1.48; 1.49] for EG and ML meth-
ods, respectively, as reported in Table 1.
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Figure 2. Estimates of the reproduction ratio by four different methods

An important issue worth considering is how esti-
mates change according to the choice of the generation
time distribution (Figure 6). As expected, the estimates in-
creased with the mean generation time. Thus, when the
mean of GT varied between 5 and 9 days, R0 varied in the
1.628-2.369 interval.

The results of 10,000 times of simulation and obtained
RMSE and bias indices are shown in Tables 2 and 3. The
TD method estimated the closest values to actual values
among the other methods. In two observations, the TD and
ML methods estimated values closest to the actual value,
and in other observations, there were large differences. As
a result, the TD method could be the best method with the
optimal performance (lowest RMSE value) in estimating ac-
tual R0 values in this dataset (Table 3 and Figure 7). Fig-
ure 8 represents a descending trend of the reproduction
numbers in real-time based on the TD method during the
first peak of the outbreak. Moreover, the EG and ML meth-
ods displayed the overestimation of R0, and the SB method
showed to be under-fitting in the estimate of R0. The AR
method estimated R0 equal to one.

5. Discussion

Direct and indirect transmission besides short trans-
mission time of SARS-CoV-2 has lead to the need for estimat-
ing the number of reproductions to assess the epidemic
situation and take preventive measures. However, there
are several methods that can be used to estimate the re-
production number, and thus the best-fitting model needs

J Arch Mil Med. 2021; 9(2):e113224. 3
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Figure 3. Goodness-of-fit methods (observed incidence and predicted incidence for each method)

Table 2. R0 Estimation of COVID-19 Data Using Different Methods

Actual R0
Simulated R0 (95% CI)

EG ML TD AR SB

1.55 1.59 (1.50, 1.69) 1.544 (1.32, 1.79) 1.547 (1.16, 1.95) 1.00161 (1.00160,
1.00162)

1.47 (0.99, 1.91)

1.46 1.52 (1.43, 1.61) 1.47 (1.25, 1.73) 1.46 (1.03, 1.92) 1.00057 (1.00056,
1.00057)

1.41 (0.89, 1.89)

1.30 1.36 (1.27, 1.47) 1.35 (1.09, 1.65) 1.31 (0.73, 1.96) 1.000069 (1.000068,
1.000070)

1.29 (0.64, 1.90)

1.04 1.17 (1.07, 1.28) 1.21 (0.93, 1.55) 1.08 (0.28, 2.09) 1.000003 (1.000003,
1.000004)

1.14 (0.34, 1.91)

1.40 1.45 (1.36, 1.55) 1.42 (1.18, 1.70) 1.39 (0.91, 1.93) 1.000243 (1.000241,
1.000245)

1.36 (0.79, 1.90)

to be selected (3). In this study, five methods (EG, ML, TD,
AR, and SB) were implemented, and the R0 estimations
were 1.55, 1.46, 1.31, 1.04 1.40, respectively. In all cases, R0
was > 1. Our results suggested the TD method as the best

method with the best performance for R0 estimation in
this dataset.

The computed R0 based on the well-established
method for Iranian cases of COVID-19 in the early stages

4 J Arch Mil Med. 2021; 9(2):e113224.
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Figure 4. Sensitivity of the reproduction ratio to the choice of the time period by EG method. A, The red dot corresponds to the best value; B, The value corresponding to the
best fit is shown as a dot, and the solid black lines show the limits of the corresponding 95% CI.
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of the epidemic was 1.31 [1.30; 1.32]. Thus, this infection
persists. The World Health Organization (WHO) gave a pre-
liminary R0 estimate of 1.4 to 2.5 (25). Liu et al. calculated
the overall R0 to be 3.32 (2.81 - 3.82) for COVID-19 in a system-
atic review and meta-analysis (25). Muniz-Rodriguez et al.
(7) applied the SIR method in Iran, and the range of R0 was
estimated to be 4.86 in the first week to 2.1 in the fourth
week of the outbreak (16). Another study used the GGM

and doubling time methods and gamma distribution (7.5
± 3.4 days) for SI. The R0 was computed as 4.4 [3.9; 4.9] and
3.50 [1.28; 8.14], respectively (7). Their estimated R0 values
were larger than our estimates. However, it is important
to acknowledge that differences in methods used and
applying them to different epidemic distributions make
it difficult for straightforward and direct comparisons to
be made on numerical values between and within study

J Arch Mil Med. 2021; 9(2):e113224. 5
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Table 3. Root Mean Squared Error and Bias Values of Reproduction Number Estimation for Each Method

Actual R0
RMSE (Bias)

EG ML TD AR SB

1.55 0.1094 (0.0460) 0.0777 (-0.0065) 0.0767 (-0.0040) 0.5495 (-0.5495) 0.1181 (-0.0807)

1.46 0.1224 (0.0608) 0.0820 (0.0184) 0.0816 (0.0179) 0.4596 (-0.4596) 0.1025 (-0.0485)

1.30 0.1186 (0.0574) 0.0918 (0.0487) 0.0812 (0.0168) 0.3090 (-0.3090) 0.1006 (-0.0119)

1.04 0.1937 (0.1784) 0.2258 (0.2188) 0.1679 (0.1306) 0.000757754
(-0.000757753)

0.1722 (0.1481)

1.40 0.1213 (0.0565) 0.0854 (0.0279) 0.0888 (-0.0076) 0.3997 (-0.3997) 0.1002 (-0.0354)
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Figure 6. Sensitivity of the reproduction number to the choice of generation time
distribution

results (3). To the best of our knowledge, our study is one
of the first ones in the literature to compare common
approaches on the same dataset and the same epidemic
distribution for GT to estimate the R0 of COVID-19 in Iran.

The main aim of this investigation was to recognize
the most well-established method for estimating R0; how-
ever, during this time, according to several recommenda-
tions by the Iranian Ministry of Health and Medical Edu-
cation, the government closed educational centers, locked
down activities, and used other confronting approaches
from the earliest days of the outbreak on 24th, February
2020 (26). According to the advantages of TD as mentioned
above, it seems that this method may have practical impor-
tance in evaluating time-dependent variations in the po-
tential spread of COVID-19 to estimate R0 and Rt (27). Our
results showed a decreasing trend of Rt from 5.80 (5.49;

6.10) on the first day of the epidemic to 1.30 [1.29; 1.31] a day
before the first fade-out. Along the epidemic period, two
factors resulted in time-dependent variation: intrinsic (re-
duction of susceptible individuals) and extrinsic (imple-
mentation of preventive measures). Thus, the estimation
of R0 and Rt by utilizing the TD method can usefully mon-
itor herd immunity and confronting approaches. In con-
clusion, the awareness of R as an epidemic threshold pa-
rameter for COVID-19 is useful to indicate the magnitude of
infection transient and encourage the planning of control
measures. Several mathematical models have been devel-
oped to estimate this parameter during epidemic courses.
The best model is unknown. The TD method has several ad-
vantages, such as being the least biased, satisfactory cor-
rection for offspring cases due to the importation of cases
during the outbreak, and no requirement for extensive
and detailed data. Therefore, we propose this model to es-
timate R0 and Rt in Iran.
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